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Introduction
Since Calderón and Zygmund developed the theory of singular integral operators in the 1950's, there have been lots of enthusiasm to generalize the theory in various ways. One interest is to consider the boundedness of operators on Hardy spaces, Triebel-Lizorkin spaces or Besov spaces (cf. [5, 8, [10] [11] [12] [15] [16] [17] 19, 21, 22] ). The other interests include considering nonconvolution type kernel (e.g. the T 1 and T b theorems [2, 3] ) or investigating operator-valued kernels (cf. [13, 14, 18] ).
Frazier, Torres, and Weiss [8] considered the T 1 theorem on Triebel-Lizorkin spacesḞ α,q p , which include the classical L p spaces for 1 < p < ∞ and Hardy spaces H p for 0 < p 1, under the assumption T x γ = T * x γ = 0 for a certain condition on γ . Several years later, the second named author [21, 22] [17] showed the L 2 boundedness of the Cauchy integral on all Lipschitz curves. David, Journé, and Semmes [3] gave more general conditions on L ∞ functions, so called para-accretive functions, and proved a new T b theorem by substituting function 1 for para-accretive functions. It was also shown in [3] that if T b theorem holds for a bounded function b, then b is necessarily para-accretive.
Recently, the authors [15] used a discrete Calderón-type reproducing formula and Plancherel-Pôlya-type inequality to characterize homogeneous Triebel-Lizorkin spaces of para-accretive typeḞ < q 2 with the regularity exponent ε of the kernel, is also derived in [15] . In this article, we study theḞ 
Moreover, the operator T can be represented by
We say that a singular integral operator is a Calderón-Zygmund operator if it can be extended to a bounded operator on L 2 (R n ). Coifman and Meyer [1] showed that every Calderón-Zygmund operator is bounded on L p for 1 < p < ∞.
Let C η 0 denote the space of continuous functions f with compact support such that
A locally integrable function defined on R n belongs to BMO if it satisfies
where the supremum is taken over all cubes Q ⊆ R n whose sides are parallel to the axes and
Note that these cubes need not be dyadic. 
Before stating the T b theorem of David, Journé, and Semmes [3] , we recall some definitions. 
Such an operator T is written as T ∈ GSIO(ε), where ε is the regularity exponent of K (x, y) in Definition 1. 
The main purpose of this paper is to demonstrate a T b theorem in Triebel-Lizorkin spaces of para-accretive typeḞ
which was introduced by Han [9] for p, q > 1, by Deng and Yang [4] for p, q 1, denoted as b −1Ḟ 0 p,q , and by Lin and Wang [15] for larger ranges of p and q. Here is our main result in this article. 
Remark 1.8. By the Calderón-Zygmund operator theory, any Calderón-Zygmund operator T is also bounded on L p for all . We then apply an argument similar to the one in [2] to obtain our T b theorem which extends previous results in [3, 9, 10, 12, 15, 22] . This paper is organized as follows. In Section 2, we give some preliminaries. Then we study paraproduct operators in Section 3. Finally we prove the main theorem in Section 4. Through the paper, we use Q to denote a dyadic cube in R n and use C to denote a positive constant independent of the main variables, which may vary from line to line.
Preliminaries
For the convenience of readers, we summarize some known results established in [9, 10, 15] , which we will need in the sequel.
Recall the definition and properties of homogeneous Triebel-Lizorkin spaces of para-accretive type, and start with "test functions" given by Han [9] . Fix two exponents 0 < β 1 
. As usual, we use (M (β,γ ,b) ) and (bM (β,γ ,b) ) to denote the dual spaces of M (β,γ ,b) and bM (β,γ ,b) , respectively. Use h, f to denote the natural pairing of elements h ∈ (M (β,γ ,b) ) and f ∈ M (β,γ ,b) . It is easy to check that for any x 0 ∈ R n and
In order to state the Calderón reproducing formula, we also need an approximation to the identity (cf. [3, 9] ).
Definition 2.1. Let b be a para-accretive function. A sequence of operators {S k } k∈Z is called an approximation to the identity associated to b if the kernels S k (x, y) of S k are functions from R n × R n into C such that there exist constant C and some 0 < ε 1 satisfying, for all k ∈ Z and all x, x , y, and y ∈ R n , (i)
The following discrete Calderón reproducing formulae were given in [10] . 
such that,
where Q are all dyadic cubes with the side length 2 −k−N for some fixed positive large integer N and y Q is any fixed point in Q . ,γ ,b) ) .
The classical Plancherel-Pôlya inequality has a long history and plays a central role in the theory of function spaces.
Roughly speaking, if a tempered distribution f in R n , whose Fourier transform has compact support, then, by the PaleyWiener theorem, it is an analytic function, or more precisely, entire analytic function of exponential type. The PlancherelPôlya inequality concludes that if {x k } is an appropriate set of points in R n , e.g. lattice points, where the length of the mesh is sufficiently small, then
for all 0 < p ∞ with a modification if p = ∞. The Fourier transform is the basic tool to prove such an inequality. See [20] for more details.
For any cube Q and λ > 0, we denote by λQ the cube concentric with Q whose each edge is λ times as long. A generalized Plancherel-Pôlya-type inequality was given in [15 
In the case p = ∞,
Note that we can regard the ε's in both Definitions 1.1 and 2.1 to be the same by choosing the smaller one. Suppose that b is a para-accretive function and {S k } k∈Z is an approximation to the identity defined in Definition 2.1.
For α ∈ (−ε, ε), 0 < q +∞, and f ∈ (bM (β,γ ,b) ) , the g-function and S-function associated to a para-accretive function b is defined by
When q = ∞, the above two definitions should be modified to the ∞ -norms as usual. 
Thus, a class of the homogeneous Triebel-Lizorkin spaces associated to para-accretive functions can be defined as follows.
Definition 2.4.
Suppose that b is a para-accretive function, {S k } k∈Z is an approximation to the identity defined in Definition 2.1, and
Triebel-Lizorkin space of para-accretive typeḞ
When p = ∞, we define the space by
where the supremum is taken over all dyadic cubes P in R n .
By Proposition 2.3, the norm of a distribution in a homogeneous Triebel-Lizorkin space of para-accretive type is independent of the choice of the approximation to the identity. By [9, (3.7) 
. Note that, for n n+ε
+∞, α ∈ R, and a sequence s = {s Q k }, define
where the sums and the supremum involved P or Q k , respectively, are taken over all dyadic cubes in R n .
As a consequence of Proposition 2.3 and (10), we have the following characterization. 
} < p, q ∞, and y Q k be any fixed point in Q k . 
Paraproduct operators
Before studying the boundedness of singular integral operators, we recall the definition of paraproduct operators associated to a para-accretive function and find the assertion for the boundedness of such operators acting on Triebel-Lizorkin spaces of para-accretive type. Choose a non-
and f ∈ (M (β,γ ,b) ) , the b-paraproduct of h and f is defined by
where D k and D k are given in Proposition 2.2, y Q k is a fixed point in Q k , and its kernel is 
where f = Q f , ϕ Q ψ Q is the ϕ-transform identity given by Frazier and Jawerth in [6] . It was shown in [22] 
It follows from (11) and Proposition 2.2 that, for f ∈Ḟ
By Proposition 2.5,
Therefore, to prove the boundedness of Π (b) h , we need to check the boundedness of matrices T d and G (b) . The matrix T d is diagonal but the matrix G (b) fails the almost diagonality criterion (cf. [7] for classical case).
More preliminaries are needed. Let us recall the definition of almost diagonality given in [6] . For α ∈ R and 0 < p, q ∞, we say that a matrix A = {a
for J = n/ min{1, p, q}, fixed points y Q k and y P j in Q k and P j , respectively.
Lemma 3.2. Let G (b)
be an operator with matrix defined in (12) . We also need the following embedding theorem. 
Thus, we finish the proof. 
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h was provided by the authors in [15] . 
